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EXPONENTIAL SUMS ON A", II

ALAN ADOLPHSON AND STEVEN SPERBER

ABSTRACT. We prove a vanishing theorem for the p-adic cohomology of ex-
ponential sums on A™. In particular, we obtain new classes of exponential
sums on A"™ that have a single nonvanishing p-adic cohomology group. The
dimension of this cohomology group equals a sum of Milnor numbers.

1. INTRODUCTION

Let p be a prime number, ¢ = p®, and let F; be the finite field of ¢ elements.

Associated to a polynomial f € Fy[z1,...,x,] and a nontrivial additive character
¥ :F, — C* are exponential sums
(11) S(An(Fq’)af) = Z \I/(Tl"aCqui/qu(l'l,...,:Cn))

ZT1,e2Zn€F i

and an L-function

(1.2) L(A™, f;t) —exp<z S(A”(Fqi),f)7).
i=1

One of the basic results on exponential sums is the following theorem of Deligne [3]

Théoreme 8.4]. Let 6 = deg f and write

(1.3) f:f(‘s)_|_f(‘5—1)_|_..._|_f(0)7
where () is homogeneous of degree j.

Theorem 1.4. Suppose (p,d) = 1 and fO) = 0 defines a smooth hypersurface
in P*~1. Then L(A",f;t)(’l)n+1 is a polynomial of degree (6 — 1)", all of whose
reciprocal roots have absolute value ¢™/2.

For exponential sums on A", several generalizations of Deligne’s result have
been proved ([1], [2], ], [7]). In all these theorems, the hypothesis implies that
f, regarded as a function from A™ to A', has only finitely many critical points
and the degree of the polynomial L(A™, f; t)(*l)"+1 equals the sum of the Milnor
numbers of those critical points. We examine these critical points more closely.
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We write F,[x] for Fy[z1,. .., z,] and consider the complex (Qi?q[a:]/Fq ,¢f), where
Qf“q[z]/Fq denotes the module of differential k-forms of F[z1,. .., z,] over F, and
o Q’Eq[x]/Fq — Q’;‘S[{C]/Fq is defined by

¢p(w) =df Nw,
where d : Q%q[x]/Fq — Q]Pij[lx]/Fq is the exterior derivative. The map f : A" — Al
has only isolated critical points if and only if

(15) Hz(QFq[z]/FLN(bf) =0 fOI‘i?éTL,

which implies that dimp, H”(Q'Fq[m]/Fq, ¢y) is finite. Since
H™(Qp (o7, 05) = Folzr, ... 2]/ (0f/0x1,...,0f[0xy),

we have
dimg, H" (Qp, 2)/F,, 27) = My,
where My denotes the sum of the Milnor numbers of the critical points of f.
We consider one approach to verifying (1.5). Everyw € Q’Pi 2]/F, Can be uniquely
written in the form

w = E w(il,...,ik)dl’il/\'”/\diL’ik,
1<ii < <ip<n

with w(i,...,ix) € Fylz]. Define

al

degcoeffw = 1§i1?§§ik§n{degw(zh v 7Zk)}7

degw = deg oo w + (n — k)(0 — 1).
The point of the latter definition is that we can define an increasing filtration F.
on Q’Eq[x]/Fq by setting
FlQ]lf“q[x}/Fq ={we Q]]g‘q[x]/Fq | degw <1}

and (Q'Fq[ ]/Fy ¢) then becomes a filtered complex. Consider the associated spec-
tral sequence

(1'6) EI,S = HT+S(FT/FT—1(Qi<“q[x]/an ¢f)) = HT+S(Qi<“q[x]/an ¢f)

The F;-terms are just the cohomology of the homogeneous pieces of the associated
graded complex to (Qi?q[z]/qu ¢¢), which may be identified with (Q'Fq[x]/Fq, b))
Since this latter complex is isomorphic to the Koszul complex on Fy[z1,...,z,]
defined by {9f®) /dx;}7_,, the assertion that

(1.7) ET?"=0 forr+s#n
is equivalent to the assertion that
(1.8) {0f® /z;}7_, form a regular sequence in Fy[z1,. .., z,].
It follows from (1.8) that

dimp, Fylz1, ..., 2,]/(0f® /0z1,...,0f P )0x,) = (5 — 1)
hence

(1.9) dimp, € E7* =(6—1)".

r+s=n
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The spectral sequence (1.6) and condition (1.7) imply that (1.5) holds, and (1.9)
then implies that My = (§ — 1)". Theorem 1.4 of [2], a slight generalization of
Theorem 1.4 above, can then be reformulated as follows.

Theorem 1.10. Suppose (1.7) holds. Then L(A”,f;ﬁ)(_l)"+1 is a polynomial of
degree My, all of whose reciprocal roots have absolute value g2

Condition (1.5) holds if there exists a positive integer e such that
(1.11) E¥ =0 for r + s # n.

We are interested in determining the extent to which the conclusion of Theorem 1.10
holds when condition (1.7) is replaced by condition (1.11) for some e > 1. In general,
some additional hypothesis is needed, as is illustrated by the one-variable example
f(z1) = 2 — x1 over the field F,. The purpose of this paper is to prove a result
that provides evidence for such a theorem.

Dwork has associated to f a complex (Q'C(b),D) of length n depending on a
choice of rational parameter b satisfying 0 < b < p/(p — 1) (we review this theory
in section 2). Each Qic(b), i=0,...,n, is a p-adic Banach space over a field Qg (a
finite extension of Q,) and is equipped with a Frobenius operator a; commuting
with the differential D of the complex. Furthermore,

n
(1.12) L(A™, f:) = [[ det(I — tas | H (R, D)
i=0
Theorem 1.13. Suppose there exist e,m such that E** = 0 for all v, s satisfying
r+s=m. Then for
6 o

(1.14) =06 et ' p-Tere-1

we have
H™ (). D) = 0.
If (1.11) holds, then, in addition, for b in the range (1.14) we have

Remark. Tt is easily seen that in (1.14) the upper bound for b is greater than the
lower bound for b if and only if

p
(1.15) (1 + = 1)2) (e—1)<o,
ie., (1.15) is equivalent to the existence of a rational b satisfying (1.14). For ex-
ample, if e = 2, then this condition requires 6 > 2 for odd primes p and ¢ > 4 for
p = 2. In general, for p sufficiently large relative to 4, it becomes simply e < 4.
The finite-dimensionality of H"(Q'C(b)7 D) implies, by [11] section 3.4], that a, is
invertible on H”(Q'C(b) , D). So Theorem 1.13 and equation (1.12) give the following.

Corollary 1.16. Suppose (1.11) holds for a positive integer e satisfying (1.15).
Then L(A™, f;t)(*l)nﬂ is a polynomial of degree My.

The main idea in the proof of Theorem 1.13 is to relate the spectral sequence
(1.6) to the spectral sequence associated to the filtration by p-divisibility on the
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complex (Q'C(b),D). This is accomplished by Theorem 3.6, which is applied in
section 4 to compute the cohomology of (Q'C(b), D).
We conjecture that the hypothesis of Corollary 1.16 implies that all reciprocal

roots of L(A™, f; 15)(’1)n+1 have absolute value ¢™/2. This would imply, in particular,
the estimate

|S(A"(F i), )] < My,

Typically, such results are proved by computing the corresponding I-adic cohomol-
ogy groups. However, we have been unable to apply our previous method [, [2] for
calculating [-adic cohomology from p-adic cohomology because we have been unable
to compute the p-divisibility of the Frobenius determinant under the hypothesis of
Corollary 1.16.

It is an interesting problem to find geometric conditions that imply (1.11) for
some e > 1, and we plan to return to this question in a future article. As an
example, we prove in section 5 the following. Make (1.3) more precise by writing

(1.17) f= f(‘s) + f(‘S/) + f(‘S/*l) RS f(o)7

where @) is homogeneous of degree j and 1 < ¢ < §—1, i.e., £ is the homoge-
neous part of second-highest degree of f.

Theorem 1.18. Suppose that f(®) = e farwhere for every subset {i1, ..., ik}
CA{1,...,r} the system of equations

foo == fi =0

defines a smooth complete intersection of codimension k in P"~' and, if either
k>2ork=1anda;, > 1, the system of equations

FO = fi==f,=0

defines a smooth complete intersection of codimension k+ 1 in P"~1. Suppose also
that (p,08’ay -+ a,) = 1. Then (1.11) holds fore =6 —§ + 1.

Our initial work on this topic was prompted by an [-adic result of Garcia. It led
to the following example, whose proof will appear elsewhere. We refer to [7] for the
definitions of “weighted homogeneous” isolated singularity and “total degree” of a
weighted homogeneous isolated singularity.

Theorem 1.19. Suppose that the hypersurface f© = 0 in P*! has at worst
weighted homogeneous isolated singularities, of total degrees d1,...,0s, and that
none of these singularities lies on the hypersurface f@) =0 in P"~1. Suppose also
that (p,08’61 ---6s) = 1. Then (1.11) holds for e =6 — &' + 1.

The hypothesis of Theorem 1.19 (for 0’ = § —1) first appears in [7]. Garcia shows
that it implies that the l-adic cohomology groups associated to the exponential sum
(1.1) vanish except in degree n, where the cohomology group is pure of weight n
and has dimension My. Thus the conclusion of Theorem 1.10 holds in this case.
Garcia’s results and Theorem 1.19 are what originally led us to suspect that a result
such as Theorem 1.13 should hold.
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2. p-ADIC COHOMOLOGY

In this section we review the basic properties of Dwork’s p-adic cohomology
theory that we shall need. For a more detailed exposition of this material, we refer
the reader to [2].

Let Q, be the field of p-adic numbers, (, a primitive p-th root of unity, and
Q1 = Qp(¢p). The field 4 is a totally ramified extension of Q,, of degree p— 1. Let
K be the unramified extension of Q,, of degree a. Set Q¢ = K((,). The Frobenius
automorphism z — 2P of Gal(F,/F)) lifts to a generator 7 of Gal(€9/€;) (=~
Gal(K/Qp)) by requiring 7((,) = (- Let © be the completion of an algebraic
closure of Q. Denote by “ord” the additive valuation on §2 normalized by ord p = 1
and by “ord,” the additive valuation normalized by ord, ¢ = 1.

Let E(t) be the Artin—Hasse exponential series:

e}

E(t) = exp (Z %)

=0

Let v € ©; be a solution of Y~ ' /p* = 0 satisfying ord v = 1/(p — 1) and put
(2.1) 0(t) = E(yt) = Y _ \it' € Q[[t]].
=0

The series 0(t) is a splitting function [6] section 4a] whose coefficients satisfy
(2.2) ord A\; >i/(p—1).

We consider the following spaces of p-adic functions. Let b be a positive rational
number and choose a positive integer M such that Mb/p and Mé/(p(p — 1)) are
integers. Let 7 be such that

(2.3) Mo —p

and put Q; = Qi (), Qo = Qo(m). The element 7 is a uniformizing parameter
for the rings of integers of 1 and Q0. We extend 7 € Gal(€20/¢%1) to a generator
of Gal(Qo/) by requiring 7(7) = w. For v = (uy,...,u,) € R", we put |u| =
uy + - - + uy. Define

(2.4) c(b) = { Z A Ml ) A e Qg and A, — 0 as u — oo}.
weN™
For & =3 cnn A mMblelge ¢ C(b), define
ord ¢ = urélll\%{ord Ay}
Given ¢ € R, we put
C(b,c) ={£ € C(b) | ord & > c}.
Clearly, C(b) = J.cr C (b, c).
Let f = Yoy € Klzy,...,x,] be the Teichmiiller lifting of the polynomial
feFyz1,...,x], i, (Gu)? = G, and the reduction of f modulo p is f. Set

(2.5) F(z) = [ 6(auz"),

(2.6) Fy(z) = 1:[ [T¢(@uzy).

=0 u
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The estimate (2.2) implies that F € C(b,0) for all b < 1/(p — 1) and Fy € C(b,0)
for all b < p/(q(p — 1)). Define an operator ) on formal power series by

(2.7) w( Z Aux") = Z Ayt

uw€Nn uEN™
It is clear that ¥(C(b,c)) C C(pb,c). For 0 < b <p/(p—1), let @ = ¥* o F be the
composition
C(b) — C(b/g) 22 C(b/g) L5 C(b).
Then o is a completely continuous Qg-linear endomorphism of C(b). We shall also
need to consider § = 771 o o F, which is a completely continuous ;-linear (or
Qo-semilinear) endomorphism of C(b). Note that a = 5.
Set f; = 8f/8xi and let vy, = Zi:o 4P" /p*. By the definition of 7, we have

1+1
p
2.8 dy > —1—1.
(2.8) ordm 2 Ty
For i =1,...,n, define differential operators D; by
0]
2.9 D; = Mb(E=1) =1 _—_ H;
( ) T v 8331 + ’
where
> " 1 §—1
(210) Hz = Z’Wplelilf,;—l (xpl) € C(b, m - bT)
1=0

for b < p/(p —1). Thus D; and “multiplication by H;” operate on C(b) for b <
p/(p—1). As explained in [2], we have

(2.11) aox;D; = qu;D; o a,

(212) B o xiDi = pxiDi ¢} ﬁ

The significance of the normalizing factor 7°(®=1)~=1 will be explained below.
Consider the de Rham-type complex (Q'C(b), D), where

W= @B CO)dwy, ANy,

1<i1<--<ig<n

and D : Qg(b) — Q]g('bl) is defined by

D(§ dl‘il VARERIVAN d%‘ik) = (Z Dz(f) d$z> A\ dxil VANRRIIAN dxzk
=1

We extend the mapping « to a mapping «. : Q.C(b) — Q.C(b) defined by linearity
and the formula

_ 1
ap(Eday N+ Ndai) = ¢ ———alxy, - xi, E) daiy, A Ndg,
le DY xlk
Equation (2.11) implies that «. is a map of complexes. The Dwork trace formula,
as formulated by Robba [11], then gives

n _1\k+1
(2.13) L(A™, fit) = [] det(I — tay, | Q)Y
k=0
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This implies (using [13, Proposition 9])

(2.14) LA™, f;1) = [] det(I — tau | H* Q. D)V,
k=0
where we denote the induced map on cohomology by «ay also.

The p-adic Banach space C(b) has a decreasing filtration {F"C/(b)}2.___ of Oa,-
modules defined by setting

FTC(b) = { Z A Mol e C(b) | A, € 7" Og,, for all u},

uEN™

where Og =~ denotes the ring of integers of Qo. (In our earlier notation, F"C(b) =
C(b,7/M6).) We extend this to a filtration on €, by defining

Frgg, = € Fre®)dzi, A Adw,.

1<ii < <ip<n

This filtration is exhaustive and separated, i.e.,

re€Z re€Z
When b > 1/(p — 1), our choice of the normalizing factor 7*(=1~y=1 in (2.9)
guarantees that the D; respect this filtration, i.e., D;(F"C(b)) C F"C(b); hence
D(F"Q’(";(b)) C F"Q]g('bl). Associated to the filtered complex (Q'C(b), D) is the spec-
tral sequence (for b > 1/(p — 1))

(2.15) B = H”S(FTQ'C(,)) /F'““Q'C(b)) = H"™(Qpp), D).

The notation E{ ** does not express the dependence of this spectral sequence on the
choice of b; however, this should not cause confusion. We shall prove Theorem 1.13
by analyzing this spectral sequence.

For notational convenience we define an “exterior derivative” d : Q]é‘(b) — Q’g’(’bl).

It is characterised by Qo-linearity and the formula

d(§dziy N+ Ndxy, ) = <; e dxi) ANdxi, A A dag, .
Although we use the same symbol “d” for the exterior derivative on both Q'C(b) and
Qi‘q[;c]/qu its meaning will be clear from the context.

3. RELATION BETWEEN THE SPECTRAL SEQUENCES Ej*® AND Ej*°

We begin with some general remarks on the filtration F" and the associated
spectral sequence EA[ *. Consider the operator D; defined in (2.9). The terms
of degree < § — e in 7#MPO-D~=1H; lie in F‘MbeC(b). The upper bound on b
given by (1.14) guarantees that the terms of degree > § — 1 in #Mb0=1=1f;
lie in FMYe=D+10(p). The lower bound on b given by (1.14) guarantees that
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aMO-1~=19/9z; maps FOC(b) into FMe~D+1C(p). Examining the terms of
degrees § —e,...,6 — 1 in 7M*C=Dy=1 [ then gives for & € FOC(b),

e—1 A((;_ ) R
(3.1) Di(g) — w6 (Z o )g € P+ ).
j=0 !

It follows that if w € F*Q’é(b), 0 < k <n, then

e—1

(3.2) D(w) — w1 <Z d f<5ﬂ'>> Aw € FrMble=DHigurL,
=0

Note that

(3.3) MO qfo=0) e O, for j=0,1,...,e— L

We recall the definition of £}**. Put

20 ={w € FTQE) | D(w) € Frtagiaety.
Then
B 700+ FT“Q"?JE;) |
D(Z{{T ) 4 P

A priori, our filtration £ on Q'C(b) is a filtration by subcomplexes of Og -modules;
hence the Eﬁt are Og -modules. However, the preceding equation shows that

mEt = 0; hence the E*! are naturally vector spaces over Fy = 0g, /T0¢,
Let ¢ € ngq (2] /F, " deg ¢ = r. By our definition of the degree of an m-form, we
have

l
o= Z (Z Z ¢u(i1,---7im)xu) dziy A -+ Ndz,
1<iy <+ <im<n “j=0 |u|=j

with ¢y (91, ... ,9m) € Fy, where l =7 — (n —m)(d — 1). The condition ¢ € ZJ™"
means that fori =0,1,...,e—1,

(3.4) de@*j)/\ ( Z Z Oulity .. yim)a® dxil/\'~/\dxim) =0.
§=0

1<y << <n |ul=l—i+j

For such a ¢, we define its normalized Teichmiiller lifting gi; € Foﬂg(b) by

l
PR (ZZqgu(il,...,im)a:“>dxil/\---/\dxim,

1<iy < <im<n “j=0 |u|=j

where ¢y, (i1, . .., im) € K is the Teichmiiller lifting of ¢y, (i1, . .., i) € F,. We shall
also have occasion to refer to the nonnormalized Teichmdiller lifting, by which we
mean the same expression but with the normalizing factor 7% omitted.

To check that ¢ € ZAR[;(%UH (and hence 7" € ZA;’;&;;)H for all r € Z, since

7" FO = ), it suffices by (3.2) to show that

|
—

(3.5) aMb(5-1) df6=D A e FMb(eﬂ)HQg@(Jg)l.
J

I
o
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From the definition of ¢, it follows that each term zV da;, A --- A dz;,, .1 appearing
in (3.5) has coefficient in 7M*C=1+D O, So for |v| < § +1 — e, all these terms lie

in FMb(e*l)HQ’g(t)l. For i =0,1,...,e — 1, the terms with |v| =1+ — 1 — i are
given by
Mb(I+6-1) de(é—j)
=0

/\( Z Z (ﬁu(il,...,im)x‘udl‘il/\"'/\dl‘im>.

1<iy <<t <m |u|=l—i+j

It follows from (3.4) that each term 2" dx;, A- - -Adx;,,,, appearing in this expression
has coefficient in wM*(+9-1pO (K is an unramified extension of Q,). Equation
(3.5) is a consequence of the following remark.

Remark. We observe that (1.14) implies ord, 7M%(¢=1) < 1.

Theorem 3.6. Fiz a positive integer e, let m € {0,1,...,n}, and let b be a rational
number satisfying (1.14). Let {¢;}ier C Q;?q[x}/Fq, I an indez set, be a set of m-
forms such that for each v > 0, the classes {[¢;|}deg ¢, =r form a basis for EI"™ ™" as
an Fg-vector space. Then their normalized Teichmiiller liftings {(;Aﬁi}ie[ C Foﬂg(b)
have the property that for each r € Z, the classes {[n"¢i|}icr form a basis for
E;ﬂl@il)“ as an F,-vector space.

Proof. The theorem asserts that if w € ZA;/’IT(;;) 1, then there exist a finite subset
Iy C I, a collection {c;}ier, € Og, uniquely determined mod 7, and

5r—Mb(e—1),m—r—14+Mb(e—1)
€€ Zyppie—1)

such that
w= Z e + D(E)  (mod F"HQgL(b)).
i€lp
Since ﬂrfo = F", we may reduce to the case r = 0 by multiplication by #=". So
let w e FOQg(b) be such that

(3.7) D(w) € FMYe=DHqu il

We must show that there exist {c;}icr, € Og, uniquely determined mod 7 and

e F‘Mb(e—l)le(;)l such that

(3.8) w= Z cidi +D(€)  (mod Flﬁg(b)).
i€lp

In view of (3.2), (3.7) is equivalent to the condition

e—1
(3.9) (Z 7TMb(zil)df(éj)) AwE FMb(eq)Han;)l

Jj=0

and (3.8) is equivalent to the condition

e—1
(310) w= Z CiQEi + (Z WMb(él)df(5j)) NE (mod FngL(b))

icly =0
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This reduces the proof of Theorem 3.6 to showing that, given w € 2 OQg(b) satisfy-
ing (3.9), there exist a finite set {c;}icr, C Og, , uniquely determined mod 7, and
&€ F_Mb(e_l)ﬂgl(;; satisfying (3.10).

We examine what (3.9) says about the coefficients of w. Write

o
(3.11) w= Zwakw(k),
k=0

where w®) is an m-form whose coefficients are homogeneous polynomials of degree k

with coefficients in Og . Since Qo = K (m), where 7 is an (M§)-th root of p, we
Mé—1

have the decomposition Og = P, m! Ok, where O is the ring of integers
of K. This leads to a corresponding decomposition

Ms—1
(3.12) w® = Z Wlwl(k),

1=0

where wl(k) is an m-form whose coeflicients are homogeneous polynomials of degree k
with coefficients in Og. Substituting (3.12) into (3.11) and then substituting the
result into (3.9) gives

e Mé—1

_ A6 k 2 _ m
(3.13) 3 MO G FO=0) p P g pMMeDHIgmAL,
=0 k=0

|
—

Il
=]

J
We now fix k and consider the terms in this expression whose coefficients are ho-
mogeneous polynomials of degree k. We get

1 Ms—1
7rMb(kJrj)Jrldf(zsﬂ‘) /\wl(k—6+j+1) =0 (mod ,n_Mb(kJrefl)Jrl).

€

J

I
o

=0

MbE and group terms in the sum according to the power of 7

Cancel a factor of 7
they contain:

(3.14)
Mb(e—1)+Ms—1

Z p—y Z df(é—j) /\wl(k—5+j+1) =0 (mod ﬂ_Mb(e—l)—i-l).
u=0 J,t s Mbj+l=u

Lemma 3.15. Foru=20,1,...,Mb(e—1),

Z dfe=D A wl(kféﬂﬂ) =0 (mod p).
4.l s Mbj+i=u

Proof. Suppose that we have proved the congruence for all u < ug for some wug,
0 < wugp < Mb(e —1). We prove it for ug. Since the left-hand side has coefficients
in Ok and K is an unramified extension of Q,, it suffices to prove the congruence
holds mod 7. By the remark preceding Theorem 3.6, p is divisible by 7Mb(e=1)+1,
So the congruence of the lemma holds mod 7Mb(e=D+1 for all 4 < ug. It then
follows from (3.14) that

Mb(e—1)+Ms—1
Z 7 Z de((Sfj) /\wl(k—5+j+1) =0 (mod WMb(efl)Jrl).
u=ug 7yl Mbj+l=u
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Dividing by 7%, we conclude immediately that

Z dfe=D A wl(kféﬂﬂ) =0 (mod 7). O
il s Mbj+l=uo

We express Lemma 3.15 in a more convenient form. For u =0,1,..., Mb(e —1),
write u = MbJ + L, with 0 < J < e—1and 0 < L < Mb. Rewriting the sum
in Lemma 3.15 in terms of J and L and replacing k by k + 6 — J — 1, we get the
following.

Corollary 3.16. For0< J<e—1and0<L<MborJ=e—1and L =0,

J
de(‘s_j) A=) = (mod p).
=0

L+Mb(J—j5) —
Put
k k—1 k—et1 m
W = W(() ) +W§wb R +W§v1b(eef1)) € Q)
and let iy, € Q' be its reduction mod 7. Taking L =0and J =0,1,...,e—1

Fylz]/Fq
in Corollary 3.16 shows that @, € Z>™ " with r =k + (n —m)(d — 1). Put

I(k) = {Z el | degcoeff ¢i = k}

The definition of the ¢; implies that there exist {¢;};c;x € Fy and {ék*&ﬂ) 5-1 C
Q?q_[i] /Ry with the coefficients of éki&ﬂ ) being homogeneous polynomials of degree

k — & + 7, such that

e—1
(3.17) Oy = Z Cih; + Z df=a a éﬁ;éﬂﬂ) + (terms of degree < k)

eIt =0

and such that

(3.18) ST AT — ¢
=0

fori=0,1,...,e—2.

Let ¢; € Ok be the Teichmiiller lifting of ¢; € F, and let §](»k+j76) € Q’g(;)l be

the nonnormalized Teichmiiller lifting of g’j(.k“ =9 Thus §§k+j s an (m—1)-form
whose coefficients are homogeneous polynomials of degree k+ j — § with coefficients
that are units in Og. Then (3.17) implies

e—1

. I o .
(3.19) MV, = Z cids +Z7TMbkdf(5 ) /\5](‘]11 D (mod F1O% )
ieI(®) Jj=0
and (3.18) implies
i
(5.20) S dfOD AR 20 (mod p)

Jj=0

fori=0,1,...,e—2.
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By the definition of C(b), there exists a positive integer k,, such that 7%k (*) =

0 (mod FngL(b)) for all k > ky,. Let Io = U<}, I%) | a finite subset of I. Put

o0
_ Mb(k—5+i) ¢(k—05+1i) £0ym—1
g = mMEtg € 1%,
k=0

for i = 1,2,...,e. Then (3.11), (3.19), and the observation that 7™tk () =
aMbky (mod Flﬂg(b)) imply

e—1
(3.21) W= g+ > AMOTIDGFOD fg Ly (mod Q).
i€l §j=0

Also, since p is divisible by 7Mb(e=D+1 " (3.20) implies

(3.22) ZﬂMb(‘s*jfl)df(éfj) N€jye—i =0 (mod FMb(elengl(b))
§=0
fori=0,1,...,e—2.
Now put
e—1
(3.23) E=) m Mg, e FrMIehoret
§=0

With this choice of &, the right-hand side of (3.10) becomes

e—1 e—1
B21)  Yedit (Z ﬂMbi(wa(‘S_i_l)df(é_i))> A (Z w—Mbjng).
j=0

i€lg =0
When (3.24) is expanded, the wedge product of a pair of terms with ¢ > j lies in
FMngl(b). Putting k¥ = j — ¢ when j > 4, we see that (3.24) is congruent mod
FMb
F Qg(b) to

e—1 e—1—k
(3.25) Z i + Z Mk Z MO g FOD A g gy
iclo k=0 1=0

For k =1,...,e—1, the corresponding summand of (3.25) lies in Flﬂg(b) by (3.22).
Hence (3.25) is congruent mod Flﬂg(b) to

e—1
Y i+ y w0 A g,
i€lp =0
But this is = w (mod Flﬁg(b)) by (3.21). Thus congruence (3.10) holds.

To complete the proof of Theorem 3.6, it remains to show that the ¢; are uniquely
determined mod 7. Suppose there exist a finite subset Iy C I, {¢;}ier, C Og, and

e F*Mb(e’l)Qg(;)l such that

e—1
(3.26) Z Cié)i = Zwa(‘s’l)df(‘s*j) A€ (mod FlQ%(b))
i€l =0
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We must show that ¢; =0 (mod =) for all i € Ip. Write

(o)
(3.27) ¢ = g~ Mb(e=1) Z Mok (k)
k=0

where the coefficients of ¢%) ¢ Qg&))l are homogeneous polynomials of degree k
with coefficients in Og . As in (3.12), we write

Mé—1

(3.28) e®) = 3 ale®,

=0

where fl(k) is an (m — 1)-form whose coefficients are homogeneous polynomials of
degree k with coefficients in O . Substituting (3.28) into (3.27) and substituting
the result into (3.26) gives (after multiplication by 7Mb(¢=1))

e—1 Mé—1
(3.29) gMb(e=1) Z Cz‘(ZBi = Z ZﬂMb(‘s*lJrk)de(é*j) A fl(k)
icly j=0 1=0 k=0

(mod FMMe-DHIQm ).

We now fix k and consider the terms with coefficients of degree k in this equa-
tion. If deg.,.q @i < k, then gZ;i contains no terms with coefficients of degree k. If
deg oo @i > k, then the terms in dA)z with coefficients of degree k lie in Flﬂg(b).
We thus obtain

e—1Mdo—1
(3.30) MM N g =D aMbHD)+L g f6=5) p (k=04 +D)
iel(k) j=0 1=0

(mod FMMe-DHIQm .

Let ¢; be the nonnormalized Teichmiiller lifting of ¢;. Thus gZA)i = 7Mbk g and the
reduction of ¢; mod 7 equals ¢;. Cancelling a factor of 7% in (3.30) and grouping
the terms on the right-hand side according to the power of 7 that they contain gives

Mb(e—1)+Ms—1

(3.31) wMMET N g = 3 w N afeen p gkt
iel(®) u=0 Gl : Mbj+i=u

(mod 7.(.Mb(e—l)—i-l).

Lemma 3.32. Foru=20,1,...,Mble—1) —1,
Z dfO=9 A §l(k76+j+1) =0 (mod p)
Gl : Mbj+l=u

and

Z df(‘s_j) /\§l(k76+j+1) = Z ciqgi (mod ).

4,1 : Mbj+l=Mb(e—1) ieI(k)

Proof. The first congruence is proved by induction on u exactly as in Lemma 3.15,
using the fact that the left-hand side of (3.31) is = 0 mod 7*(¢~1)_ Using the
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result of the first congruence in (3.31) then gives

Mb(e—1)+Ms—1

A S h= Y e Y afted pgkosty
eI (k) u=Mb(e—1) 7yl Mbj+l=u
(mod ,an(efl)Jrl)’
from which the second congruence follows after cancelling 7Mbb O

Writing u = MbJ + L with 0 < J <e—1and 0 < L < Mb and replacing k by
k+e—J —1, we can reformulate Lemma 3.32 as the following.

Corollary 3.33. For0< J<e—1and0< L < Mb,

J
F(6—j k-6 j—J
DA N2y =0 (modp)
=0

and

z:df(‘S J’Aggjb(‘iﬂﬁ) = Z ci¢i  (mod 7).

j=0 iel(k)
Let ¢; € F, be the reduction mod 7 of ¢; and let §L+Aéﬁfj]]>‘]) be the reduction
mod 7 of £L+A54Jg(ej ])J). Taking L = 0 in Corollary 3.33 shows that

Z Citi = z:df(‘S 2N E]\f[b iﬂlﬂj) + (terms of degree < k)
iel(k) Jj=0

and that for J =0,1,...¢e —27
k—6 J
de5 7) /\é'](\/[b J+€j+J ) 0,

ie., X icrm Cidi] = 0in E;"’m_”", where r = k4 (n —m)(6 — 1). Since {¢;};c 0 is
a basis for E7'"™~", we conclude that ¢ = 0 for all i € I®). Since k was arbitrary,
this shows that ¢; =0 (mod 7) for all . This completes the proof of Theorem 3.6.

4. COMPUTATION OF p-ADIC COHOMOLOGY
We derive some corollaries to Theorem 3.6.

Corollary 4.1. Suppose there exist e,m such that E}'"™ ™" =0 for all r > 0. Then
for every rational number b satisfying (1.14), we have Hm(Q'C(b), D) =0.

Proof. Let w € Qc(b) satisfy D(w) = 0. Without loss of generality, we may assume

we Fo Q%)- By Theorem 3.6, E]TWT( T1)+1 =0 for all r € Z. So there exist

wo € FOQ%,, & e FMeVanos
such that
(4.2) w = 7wy + D(&).
Suppose that for some ¢ > 0 we have found

(Ut E FOQT)C/L(Z))7 Et E F_Mb(e 1)Qm(b)1
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such that
(4.3) w=m"w + D(&)

and such that

& — &1 € FﬁMb(e*l)HQ’g(z)l.

Equation (4.3) implies D(w¢) = 0. So we may apply Theorem 3.6 to w; to conclude
that there exist
wir1 € FOO% ), & € F—MW—DQ%;

such that

(4.4) wy = w1 + D(&).

Put &1 = & + wtTLE]. Substituting (4.4) into (4.3) gives
(4.5) w =" 1 + D(&41)
with

Ety1— & € F_Mb(e_l)"’t"’lﬁg@)l.

It follows that {&}°, converges to an element £ € F‘Mb(e—l)le(;; satisfying

w=D(¢).
This establishes the corollary. (I

Corollary 4.6. Let e be a positive integer and b a rational number satisfying (1.14).
Suppose there is a finite index set I and n-forms {¢;}ier € Qp /F, such that for

qlz]
each r > 0 the classes {@i}deg pi=r form a basis for EI™" as an F4-vector space.
Suppose also that for all r € Z,

(4.7) EJT\ZZ(;CUH = E?\ﬁ@!)ﬂ =

Then {[¢:]}icr is a basis for H"(Qc 4, D) (as an Qo-vector space).

Proof. Let w € Qg(b). Without loss of generality, we may assume w € FOQg(b). By
Theorem 3.6, there exist

{Cgo)}ie[ - OQO’ wo € Foﬂg(b), & € FﬁMb(eil)Qg?bl)

such that

(4.8) w=mwo+ Y Vi + D(&).
iel

Suppose that for some ¢ > 0 we have found

{V}ier C Oq,, wi € F'0 ), & € FMMebar )

such that

(4.9) w=n"w + 3 e + D(&)
iel

and such that

Cgt) _ Cz(tfl) c Wtofzoa & — &1 € F—Mb(e—1)+th?bl).
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Applying Theorem 3.6 to wy, we see that there exist

{ét)}iel C0Oq,s wit1 € FOQE(b» & € FﬁMb(ejl)Qg?bl)

such that
(4.10) Wy = TWiy1 + Z Eﬁt)q% + D(&).
iel
Put &1 = & + w1l and cEtH) = cgt) + 7rt+15§t). Substituting (4.10) into (4.9)
gives
(4.11) w=n"w + > e + D(Ea)
iel
with
cl(.tﬂ) - cgt) € 7Tt+1OQO; §iv1— & € F_Mb(e_l)HHQTCLzbl)'

It follows that {&;}52, converges to an element £ € F_Mb(e_l)ﬂgzbl) and {cgt)};’io
converges to an element ¢; € Og for i € I satisfying

w=Y cipi+ D(&).
il
This shows that {[¢:]}scs spans H"(Qc ), D).
Suppose we had a relation
(4.12) > cidi = D(©),
il

where {c¢; }ier C Qo and IS ngbl). If the ¢; were not all zero, then after multiplica-
tion by a suitable power of m we may assume that ¢; € Og for all i and ¢; ¢ 7Ogq
for some . Thus the left-hand side of (4.12) lies in FOQg(b) but not in FlQ’CL(b).

Since the filtration F is exhaustive, there exists r > 0 such that

g c Fbe(efl)erTC)"L(z)l )

Equation (4.12) then says that [}, ; ¢idi] =0 in Egﬂ(e—l)wﬂ' By (4.7), we have
> iercids] =0 in ER&’;(%UH. Theorem 3.6 now implies that ¢; = 0 (mod ) for

all 7, a contradiction. Thus ¢; = 0 for all 4. O

Proposition 4.13. Suppose there exist e,m such that ET™ =177 = prm+l=r —(
for all r > 0. Then for every rational number b satisfying (1.14),

T, m—1 _ prym-—r ..
EMb(efl)Jrl - EMb(efl)JrQ -

forallr € Z.

Proof. Theorem 3.6 and the hypothesis of the proposition imply that

;r,m—1—r _ prym4l-—r _
EMb(efl)Jrl o EMb(efl)Jrl =0

for all » € Z. The conclusion then follows from general properties of spectral
sequences. U
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Proof of Theorem 1.13. The first assertion of Theorem 1.13 follows from Corol-
lary 4.1. Suppose that (1.11) holds. The discussion in the introduction shows that

(1.11) implies
(o]
diqu (@ Egan—r) = Mf-
r=0
By Proposition 4.13 with m = n, we can apply Corollary 4.6 to conclude that
5. PROOF OF THEOREM 1.18

In this section we will always be working in the case of characteristic p. In
particular, the notation “ fi” means not the Teichmiiller lifting of f; but rather that
the factor f; is to be omitted from a product of similar factors. Throughout this
section, we assume the hypothesis of Theorem 1.18. Put

We leave it to the reader to check from the definition of the spectral sequence (1.6)
that the conclusion of Theorem 1.18 is equivalent to the following assertion.

Proposition 5.1. Let k < n and let w € Z* be a homogeneous form such that
(5.2) dfO) Aw =df A

for some homogeneous form & € Q’Piq[x]/Fq, Then there exist homogeneous forms
m ezt ny e Q’f?:[lx]/Fq, such that

(5.3) w=df®) Ay +df O A,

Before starting the proof, we observe that Kita [9] has, in effect, characterized
the elements of Z*. For notational convenience, we define a 1-form © € Q%q[x] /F,
by

r . (6)
9=f1"'frzai% (Zfl...fTL),
i=1

fi f©
and for any [-tuple 1 < iy < --- < 4; < r we define
dfi dfi
Q. = LA A l,
B fir
a rational [-form with logarithmic poles along the divisor fi--- f, = 0 in A™. Note
that © A €;,...;, has polynomial coefficients, hence lies in QZFH[I] /R,

Proposition 5.4. Let k < n and let w € Z* be homogeneous. Then
k—1

(55) w=06A (Z Z Qi1~~~iz A Oéil...il)
1=0 1<iy <--<i; <r

k—1—1
for some homogeneous forms a;,...;, € QFq[x]/Fq.

Proof. The Euler relation and the hypothesis (p,§) = 1 imply that f(®) lies in the
ideal generated by the df() /dz;. The equation df(®) A w = 0 then implies, by a
standard result (L0} Theorem 16.4]), that there exists o € Qf?:[lx]/Fq such that

(5.6) Oy =dfO Aq,
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or, equivalently,

(5.7) fir fro=0Aa

This implies that a;f1 -+« fi-- frdfi Ao € (fi) for e =1,...,r. But (p,a;) =1,
and our hypothesis implies that f;, f; form a regular sequence for j # i; hence
dfi Na € (f;) for i = 1,...,r. It then follows from [9, Proposition 2.2.3] that

k—1
(5'8) a=fi-fr Z Z Qi1~~~iz N Qg oy

1=0 1<i; <<y <1

for some homogeneous forms a;, ..., € Qk [1 ]/lF (Although Kita works over C, his
proof is valid for any field.) Substltutlng (5 8) into (5.7) gives the proposition. O

The following lemma is the main technical tool for the proof of Proposition 5.1.

Lemma 5.9. Suppose that {i1,...,4} is a nonempty subset of {1,. .., r} with either
l>2o0rl=1anda;, > 1 and that § € leq[x]/Fq is a homogeneous m-form with
m<n-—10—1 such that

df ) Ndfy, N Adfy, N\G=0 (mod (fiy, ..., fi,))-

Then there exist homogeneous (m — 1)-forms B; for j = 0,1,...,1 and (3} for j =
., 1 such that

B8 =df Aﬁo+zdfzJA6]+ZfzJ

j=1

Proof. Consider the expansion of df®) A dfi, N\ --- A df;, relative to the basis for
Ql;;l[m]/Fq consisting of the (I + 1)-fold exterior products of the dx;, i = 1,...,n
By the theorem of [12], it suffices to show that the coefficients in this expansion
generate an ideal I of depth n — [ in the quotient ring Fy[z]/(fi,,-- -, fi,), i-€., the
only maximal ideal containing I is the one generated by x1,...,z,. Suppose there
were some other maximal ideal m containing I. Then m would correspond to a
point in A", other than the origin, which is a common zero of f;,,..., f;, and at
which there is a linear relation between the differentials df @1, dfiy, ..., dfi,. Since
fi, = --- = fi, = 0is a smooth complete intersection in A™ except at the origin, the
differentials df;, ,...,df;, are independent. So df (%) must be a linear combination
of dfi,,...,df;, at this point. But then the Euler relations for the polynomials
FiSel fivs- - fi,, together with the hypothesis that (p,d’) = 1, imply that @) also

vanishes at this point, contradicting the hypothesis that f(0) = fio=-=fi,=0
defines a smooth complete intersection in A™ except at the origin. ([l

Let w € Z* and suppose that for some s, 1 < s <7, and bs,...,b., 1 < b; < a;
for i =s,...,r, we have

T

k-1
(B:10) w= fit - S L g Y dfﬁ (Z > QAa)

1=0 1<y <---<iy <r

for some homogeneous forms o, ...;, € Qk [136]/[1,
’1
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Lemma 5.11. If b, < as, then there exists n € Z*~1 such that

(5.12) w—df®) Aq
r df k—1
S ARV S (Z > Q/\a)
i=1 v 1=0 1<i; <---<iy <1

where all O‘;y# are divisible by fs.

U

Observe that Proposition 5.4 implies that every w € Z* can be written in the
form (5.10) with s =1 and by = --- = b, = 1. When the conclusion of Lemma 5.11
holds, we can factor out fs from each «; . ; and replace bs by bs + 1 in (5.12).
Induction on b; and s then allows us to replace b, ..., b by as, ..., a,, respectively,
in (5.12), giving the following.

Corollary 5.13. If w € Z* with k < n, then there exists n € Z*~1 such that
k—1
o=t A=A (T T eahane)
=0 1<i; << <1
for some homogeneous forms a;,...;, € Q]ff[lx}f/lF .
q q
Proof of Lemma 5.11. Put
- _ oo1—1 ph— —
=w/(fT e ST T T

k—1
=OA (Z Z Qil"'iz Aail...il>.

=0 1<i1 <--- <4 <1

(5.14)

We show there exists 7 € Z¥~1 such that

k—1
(5.15) O—df)AH=0A (Z Z Qiyeeiy A agl,,,il),

1=0 1<i1 < <3y <r

where all of . ; are divisible by fs. Lemma 5.11 follows from (5.15) by multiplica-

tion by f{“—l - fgjlflfgsfl N
Equation (5.2) implies

df) A = fre=be ... far-brg A ¢,
So if by < as we have
(5.16) AL =0 (mod (fs)).

We prove the existence of 7} by descending induction on [. Since ay,..;; = 0 for
[ >k — 1, we may assume that for some m, 0 < m < k — 1, we have that «;,...;, is
divisible by fs for all [ > m 4+ 1. We show that we can choose 7 so that the 04;1,,
are divisible by fs for all [ > m.

Fix an m-tuple 1 <y < -+ < iy <7 with s & {i1,...,im}, say, it < 8 < ir41.
Expand the right-hand side of (5.14) using the definitions of © and €;,..;,. The

-y

e
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term containing df;, A--- Adfs A--- Adf; | is

(5.17) dfs, A Adfs A~ Ndfi, A S ..fil . fq .. fzm e fr ((_1)tasailmim

t
Y ey 3 (- a)

j=1 j=t+1

Using the induction hypothesis that o;,...;, is divisible by f, for all i > m + 1, one
sees that the term containing any other product df;, A--- Adf;, (for I > 0) on the
right-hand side of (5.14) lies in the ideal (fs, fi,,---, fi,,). Equation (5.16) then
implies

(5.18) df ) Adfs, A--- Adfs A Ndfs,

t
Afreefofo fom o fr <<—1>tasai1...im + 3 (-1 iyt
j:

Since w is a k-form with £ < n—1, we may assume m < n— 2. The smooth com-
plete intersection hypothesis implies that for j & {s,91,...,@m}, fj, fss firs-- - fim
form a regular sequence. Hence (5.18) implies

@N)WMA%J~A%AmA%m

A (( tagay, .. + E Qi Oy ooty T+ g a“a“...s..@j...im)

j=t+1

=0 (mod (fs, firs--s fin))-

It now follows by Lemma 5.9 (since by < as implies as > 1) that there exist

homogeneous forms 'y(J ) 5 6§f )M such that
(5.20)
(_1)t t m
Qi = = (Z(—l)]%04i1~~~i1~~~s~~im + ) (—1)jlaz‘]ail---s---ijmim>
s j=1 j—t+1

+df(6l)/\71(?)z +df8/\71 B +f55(1q)z +dezJ/\Pyil “im +Zf116(:{')'im

Such a formula holds for every m-tuple i1, ...,1%, not containing s. Substitute
these expressions into

(521) OA ( Z Qi1~~~im A ail...im)
1<i1 < <im <1

and expand. After this substitution, only alphas indexed by m-tuples containing s
remain. We leave it to the reader to check that for such an m-tuple, say,

I1<pn < - <gi<s<Jip1 < <Jm-1<rm,
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the contribution to (5.21) is

(e

ON ——— A Qs j =0.
asfl fr Jl Jm—1 J18Jm—1

Thus after substitution from (5.20), expression (5.21) simplifies to

(5.22) G)/\( > Qi

1<ii < <im <
Sg{il,u.,i-m}

(df(‘”Av(o) b s N+ 105, +wa i ))
We thus take

(5.23) ﬁz(—l)m“@A( > % mf“%,")ezk—%
1<i1 << <
sE{i1,00yim }

which (by (5.14) and (5.22)) gives

k—1
(5.24) @ —df®)AG=0OA (Z > Qi Ny,

1=0 1<iy <--<i;<r
l#m

f Rt (el e 2 S )
1< <+ <im <r
Sg{il,...,im}

We rewrite this as

(5.25) @—df?I Aj=OA <Z > Qi Moy,

l 0 1<ii <<y <r
I#m

(s) m—t
+ > w N0, T > Qs A D)™ A
1<i3 < <4y <7 1<i1 < <im <1
{41, yim } sg{i1,yim}

XY G A A0, ).

1<i; << <1 j=1
S€{117 17’771}

For I > m + 2, the coefficient of €;,...;,, on the right-hand side of (5.25) equals
i, ...q,, which is divisible by fs by the induction hypothesis. For [ = m + 1, the
coefficient of Q;,...;,,,, equals o, ...;,,,, if s & {#1,..,%m+1}, while the coefficient
of ;,...5...i,, equals a,...s...q,, + (=1)™~ tfs'yz1 4, - In either case, it is divisible by
fs by the induction hypothesis. For [ = m, the coefﬁcient of Q;,...;,. equals 0 if
s € {i1,...,im} and equals fs5§18).lm if s € {i1,...,4m}. Thus the coefficient of
Qi,...;, is divisible by fs for all [ > m, and by induction the proof of Lemma 5.11 is
complete. O
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Proof of Proposition 5.1. Suppose w € Z* satisfies (5.2). By Corollary 5.13 we may
assume that

k1
(5.26) w=df N> > Qi Ay,

=1 1<i1 << <r

Note that we may start the outer sum at [ = 1 rather than at [ = 0. We prove by
induction on s that for 0 < s < r we can find 77 € Z+=1 and e € Q’;‘;[lx]/Fq such
that

k—1
(527)  w—df N —dfO A =dfOAY N Qg A,

=1 1< <<y <r

with all aglmil divisible by f1---fs. When s =7, Q;,..;, A aglmil has polynomial
coefficients for all iy, ...,4;. So equation (5.27) establishes Proposition 5.1.

The assertion for s = 0 is immediate from (5.26). Suppose that for some s,
1 <s<r all a..q in (5.26) are divisible by f1--- fs—1. In this case, if 4, < s,
then Q4.4 A ay.iy € Qf?:[lx]/Fq. So by replacing w by w — df(®) A Qi iy A iy iy
we may assume

(5.28) Qipiy =0 when 7; < s.

We prove we can choose 71,72 so that all aj ., are divisible by fi--- fs by de-
scending induction on I. Since ay,...;, = 0 for [ > k — 1, we may assume that for
some m, 1 <m < k—1, ay,..; is divisible by f;--- fs for I > m + 1. We show that
we can choose 71,72 so that o] ., is divisible by fi--- fs for I > m.

Put

iy
G=w/(fr 7 S

k—1
(5.29) =OA (Z Z Qil""iz A ai1~~~il>-

=1 1<i1 << <1
s<y

k—1

We show there exist 7; € 25! and 7j; € Q. (2]

JF, such that

k—1
(5.30) G—df N —OATR=0AY Y Qi Ad L,
=1 1<i1 << <r
with all agl,,,il divisible by fy - - - fs. Equation (5.27) follows from (5.30) by multi-
plication by fi*~!... far—1,
Equation (5.2) implies

(5.31) A =0 (mod (fs, fi))

for all i # s. Fix an m~tuple 1 < i1 < -+ < iy, < r with s & {i1,...,%,} and
§ < im, say, iy < s < igy1. The term containing df;, A--- Adfs A--- Adf; in the
expansion of the right-hand side of (5.30) is given by (5.17). Using the induction
hypothesis that «;,...;, is divisible by fi--- fs for all I > m + 1 and by fi--- fs—1
for all [ > 1, one sees that the term containing any other product df;, A --- A df;,
(for I > 1) on the right-hand side of (5.30) lies in the ideal (fs, {fi; }i;> s {ff7 Fij<s)-
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Since {i; | i; > s} # 0, equation (5.31) implies that
(5.32) dfO) Adfs, Ao Ndfs A NS,

t
R R R VY () CX TS 3 s
+ Z (_1)jai]‘ai1~~~s~~~’2]‘~~~im> =0 (mod (fs, {fij}ij>s7{fi2j}’ij<s))'

As noted earlier, we may assume m < n — 2, which implies that f;, fs, fi,, ..., fi,
is a regular sequence. We then deduce from (5.32) that

(5.33) df ) Adfs, Ao Adfs A Ndfs,

t
Qg . il...iu..g...q’m G1 S
M (=D ag—m e 4y (1) gy, ey § Yy Lo in )
(( ) Jiee foa =1) T K R

Jj=1 j=t+1

=0 (mod (fs, firs---» fim))-

Applying Lemma 5.9 (which is permissible since m > 1) and then multiplying by

f1-- fs—1, we see that there exist homogeneous forms 72(1) i (555 )z all divisible
by fi--- fs—1, such that

(5.34)
t t
Oy oy, (Z aha“...ij...q...zm + Z ozil...s...@j...im>
=1 j=t+1

0 s s i5) ij)

+df(6 /\'Yz( ) Tm +dfs /\’71‘(1?~~im + fs(sz(y) I + de% /\7( “Im, + Zf%é( i
Jj=1

Such a formula holds for every m-tuple i1, ..., not containing s with s < i,,.

Substitute these expressions into

(5.35) O A ( Z Qi A ai1~~~im,>-

1<iy < <im<r
5<im

After this substitution, only alphas indexed by m-tuples containing s remain. Con-
sider such an m-tuple, say,

1< < <ge<s<jig1 < <Jm-1<T
If t < m — 1, the reader may check that the contribution to (5.35) is

(-1)'0

ON ———
asfl fr

le"'jm,—l N Qjyovvseefm 1 = 0.
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In the case t = m — 1 (i.e., j; < s for all ), the reader may check that the
contribution is

()"t

oA . E :an Gm—1 N Qo1
'L S
s—1
=
=0OA E :aiQijl"'jm—l N Q185
as
1=

. T
since Y ;4 @iQijy g, = O AQy, .. Put

(0" 3
@iSijy Gy N Qs
S .
i=1

Fori=1,...,s—1, we have {i,71,...,5m-1} € {1,...,s—1}, and since oy, ..., ;s

N2 =
a

is divisible by fi --- fs—1, we conclude that 75 € Qk R, [2]/F,"
Thus after substitution from (5.34), expression (5 35) simplifies to

(5.36) O A (ﬁ2 + > Qi
1<y <o <ign <7
s¢{i1,...;im}

$<im
(df Vi dfs A, + 100 szh i ))

We now take

(5.37) i = (-1 A ( S Qi ois AV ) e Z+1
1<) << <1
sZ{i1,sim }

§<im

and conclude (see (5.29)) that

k—1

(5.38) @—df®) A —O AT =O A (Z S Qi Ay,
=0 1< <---<; <7
l#m s<i;

+ Z Qi1~~~’im A (de A 'Y im + f‘gé(s “im + Z fi; i1 ’hn))

1<i; < <im <7
sE{i1,.im }

s<im
Rewriting the right-hand side of (5.38) as in (5.25) and arguing as we did in the
proof of Lemma 5.11 shows that the coefficient of €2;,...;, is divisible by f; - - - fs for
I > m. This completes the proof of Proposition 5.1. O
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